On a Yamabe Type Problem on Three Dimensional Thin 
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ABSTRACT.- We consider the problem: (Pe) : -Au^ ^ ul, > in A^- = on dA^, where {A. C 
R^, e > 0} is a family of bounded annulus shaped domains such that A^ becomes "thin" as e ^ 0. We show that, 
for any given constant C > 0, there exists eo > such that for any e < eo, the problem (P^) has no solution 
itg, whose energy, IVttgp, is less than C. Such a result extends to dimension three a result previously known 
in higher dimensions. Although the strategy to prove this result is the same as in higher dimensions, we need a 
more careful and delicate blow up analysis of asymptotic profiles of solutions Us when £ 0. 
Keywords: Non compact variational problems. Elliptic problems with critical Sobolev exponent, blow up anal- 
ysis. 
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1 Introduction 

We consider the following nonlinear elliptic problem 

(Pn) 



-Au = u^, u > in 
u = on dil., 

where is a smooth bounded domain in M^. 

The equation {Pn) arises in many mathematical and physical contexts (see [6]), but its greatest 
interest lies in its relation to the Yamabe problem. From this geometric point of view, we think 

4 

of u as defining the conformal metric gij = u"-'^ 6ij. Equation (Pq) then says that the metric g 
has constant scalar curvature. 

It is well known that if 17 is starshaped, (Pn) has no solution (see Pohozaev [14]) and if Q 
has nontrivial topology, in the sense that H2k-ii^', Q) ^ or -fffc(17; Z/2Z) ^ for some /c G N, 
Bahri and Coron [3] have shown that (Pn) has a solution. Nevertheless, Ding [11] (see also 
Dancer [10]) gave the example of contractible domain on which (Pn) has a solution. Then, the 
question related to existence or nonexistence of solution of {Pn) remained open. 
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In this paper, we study the problem (Pa) when $7 = is an annulus-shaped domain in 
R^and £ is a small positive parameter. More precisely, let / be any smooth function: 

/:M2^[1,2] ,(^1,^2)^/(^1, ^2) 

which is periodic of period tt with respect to 9i and of period 2tt with respect to 62- 
We set 

5i(/) = {xGMVr = /(^i,02)}, 

where (r, ^1, ^2) are the polar coordinates of x. 

For £ positive small enough, we introduce the following map 

9s ■ Si{f) — > gs{Si{f)) = S2{f), XI — > ge{x) = x + en^, 

where is the outward normal to Si{f) at x. We denote by {A^)^^q the family of annulus- 
shaped domain in such that dA^ = Si{f) U S2{f). 

We are mainly interested in the existence of finite energy solutions, our main result is the 
following Theorem. 

Theorem 1.1 Let C be any positive constant. Then, there exists £0 > such that for any 
e < eo, the problem (P^) : — Aug = u^, > in A^, = on dA^, has no solution such that 

Such a nonexistence result of finite energy solutions to Yamabe type problems on nontrivial 
domains is a new and interesting phenomenon, and it is a subject of current investigations by 
the authors. It turns out that such a nonexistence result of finite energy solutions is closely 
related to nonexistence results of solutions of finite Morse index, and has its explanation in 
the behavior of the first eigenvalue of Laplace operator, or more generally of Laplace Beltrami 
operator on complete manifolds. We hope that such results will be useful to find necessary 
and sufficient conditions on the manifold for the solvability of Yamabe problem on complete 
manifolds. The results of such investigations will appear elsewhere. We notice that the higher 
dimensional analogue of our result has been recently proved by the first three authors [5]. 
Our strategy to prove Theorem 1.1 is the same as in higher dimensions, however as usual in 
elliptic equations involving critical Sobolev exponent [7], we need more refined estimates of the 
asymptotic profiles of solutions when £ ^ to treat the three dimensional case. Such refined 
estimates, which are of self interest, are highly nontrivial and uses in a crucial way the refined 
properties of blowing up solutions of Yamabe type problems in the spirit of R. Schoen [17], [18], 
[19] and Y. Y. Li [12]. The input of such a refined blow up analysis enables us to rule out some 
bad configurations for which the higher dimensional estimates cannot be improved. 
Another ingredient of our proof is a careful expansion of the Eulcr Lagrange functional associated 
to (-Pg), and its gradient near a small neighborhood of highly concentrated functions. To perform 
such expansions we extensively make use of the techniques developed by A. Bahri [2] and O. 
Rey [15], [16] in the framework of the Theory of critical points at infinity. 

The organization of the paper is as follows. The next section is devoted to set up some 
notation. In Section 3, we study the asymptotic behavior of bounded energy solutions of (Pg). 
In section 4, we prove Theorem 1.1. Lastly, wc prove in Section 5 some useful facts and careful 
estimates needed for the previous sections. 
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2 Notation 

We denote by the Green's function of Laplace operator defined by 

yxeA, -AG,{x,.) = c'd^mA, , G,{x, .) = on OA,, (2.1) 

where Sx is the Dirac mass at x and cf = meas{S^). 
We denote by the regular part of G^, that is, 

He{xi,X2) = \xi - X2\~^ - Gsixi,X2), foT {xi, X2) ^ A^ X A^. (2.2) 

For p eN* and x = {xi, ...,Xp) G Ae, we denote by M = Ms{x) the matrix defined by 

M = imij)i<ij<p, where ma = Hs{xi, Xi),mij = -G^ixi, Xj),i / j (2.3) 

and define Peix) as the least eigenvalue of M {pe{x) = — oo if Xi = Xj for some i 7^ j). 
For a G and A > 0, 5(a,A) denotes the function 

'^(°'^)^"^ = ^ (l + A^|.-aP)V2 - (2.4) 
It is well known (see [8]) that if cq is suitably chosen (cq = 3^/'^), ^(o,A) ai'e the only solutions of 

-Au = u^,u>OmR^ (2.5) 
and they are also the only minimizers for the Sobolev inequality 

S = inf{|Vu|^2(K3)k|;j;l(R3), s.t.Vu eL'^,ue L^,uj^ 0}. (2.6) 
We also denote by P£(5(„ ;^) the projection of (5(a,A) on Hq{A^), that is, 

'^PeS(a,\) = ^<^(a,A) ^ A, PsS(a,\) = On SA^, 

and by e^a,X) = <^(a,A) - ^£<^(a,A)- We define on i^oC^e) \ {0} the functional 

Mn) = .U (2-7) 

whose positive critical points, up a multiplicative constant, are solutions of (Ps)- Lastly, let 
{u,v)=J VuVv, \\u\\=(^J |V?x|^j , U,V€H^{Ae). 
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3 Asymptotic behavior of bounded energy solutions 

This section is devoted to the study of the asymptotic behavior of bounded energy solutions 
of (-Pe). Such a precise description is cornerstone in the proof of our results. It says, roughly 
speaking, that our solutions concentrate at a finite number of points such that the distance of 
one of them to the other is at least comparable to e. 

In the sequel of this paper we consider a solution of (P^) which satisfies 



/ 



p< C, (3.1) 



where C is a positive constant independent of e. Our aim in this section is to prove the following 
result: 

Theorem 3.1 Let be a solution of problem (Pg) which satisfies (3.1). Then, after passing 
to a subsequence, there exist p G N*, (xi^^, Xp^^) G , (Ai^£, Ap^^) G (1^+)^, and a positive 
constant a > such that: 



0, Xi,edi,e +00 for 1 < i < p as £^0, 



Ai,£ I Xi,£ - Xj^e 1^ GO as e ^0,\ Xi^e - Xj^e \> ct E for i j , 
where di^e = d{xi^e, dA^) and Aj,^ = 3"^/^ {ue{xi^e))'^ . 

Remark 3.2 The above Theorem is true in all dimensions n > 3, however a weaker version 
used in [5] was enough to derive the equivalent of our result in dimension n > 4. 

To prove Theorem 3.1, we start by establishing some useful facts. Let xi,£ G A^ be such that 

Ue{xi^e) = maxMg := Mi,£. 

Let = MI^^{A^ — xi^e), and denote by the function defined on by 

v,{y) = M^^lu,{xi,, + M^^^y). (3.2) 
By Lemma 2.3 of [5], we know that: 

Ml^^d{xi^eidAs) ^ +00 as £^0. 

Furthermore, v^ —> (5(o,ao) in Cf^J^) as e — > 0, where ao = 3"^^'^. 
Now, we prove the following crucial lemma: 

Lemma 3.3 There exist positive constants 5 and c such that 

max I Ve{y) - '5(o,ao)(y) l< c {eMl . 
\y\<SsMl^ 
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Proof. First, it follows from Lemma 3.2 of [9], that there exist positive constants 6 and c such 
that 

ve{y) < c6^o,ao){y) for \y\<SeMl^. (3.3) 

Now, let 

me = max | ^^(y) - (5(o,ao)(y) |:=l VeiVe) - '^(o,ao)(y£) I • 

Arguing by contradiction, we assume that rricSM'^ ^ — > +00 as £ — >■ 0. 
Let We{y) = m-^ {ve{y) - 5(o,ao)(2/)) > satisfies 

— 

Aw, + f,w, = with /, = " 

By (3.3), we have 

|/e|<c(l+|y|)-^ for \y\<6eMl,. (3.4) 
Applying the Green's representation leads to 

We{y)=a([ GB,{y,x)fe{x)we{x)dx- [ ^^^{y, x)we{x)da{x) 

where a = (meas (5'^)) ^ , = -6(0, SeMf^), v is the outward normal to dB^ and Gb^ is the 
Green's function of A under Dirichlet boundary conditions in B^. Using (3.3) and (3.4) yields 

/■ dx c 

We{y) < c / : — — : — — r + 



B,\y-x I (1+ I X \Y m^SeMf^^ 
< c ( (1+ ! y !)-' + {m,6eMl,y') . (3.5) 



It follows that Wf, is bounded and by elliptic standard estimates converges, up to some 
subsequence, in the C^^^-norm to a function w satisfying 



(Aw + 56l^^^^^^{y)w{y)=0 in 1 
\\w{y) \<c{l+\y\)-\ 

By Lemma 2.4 of [9], every solution of (3.6) can be written as 



for some constants aj > 0, j = 0, ...,3. Since w{0) = §^(0) = 0, we obtain that aj = for 
< J < 3, namely, -u; = 0. Since We{ye) = Ij it follows that | y^ \—>- +00 as e — > 0. Applying 
(3.5) at y = ye gives 

1 =1 wSe) \< c ((1+ I ye |)~' + {m,6eMl,y^) . (3.7) 

Since the right hand-side of (3.7) goes to zero, as e ^ 0, we derive a contradiction. Thus 
nieeSMi^^ must be bounded and the proof of our lemma follows. □ 
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Lemma 3.4 Let 6 be the positive constant stated in Lemma 3.3. Then we have 

/ u^^ = Ss + o{l) as e^O, 

where S3 = S^^'^ and S is the Sobolev constant defined in (2.6) . 
Proof. We have 

„.6 



JBiO,SeMlJ ' \Je 



B(0,fcM2 J 



J ^{0,ao) +0{\Ve- (5(o,ao) lL6(B(0,feM2 J)) 



'B{0,SeMl^) 

Using Lemma 3.3 and the fact that eM^^ +00 as e — > 0, we easily derive our lemma. □ 

Now, we are in the position to prove Theorem 3.1. 
Proof of Theorem 3.1 We distinguish two cases: 

Case 1.. \ Ue — -P£<5(j;i g) f—>- as £ — > 0, where Ai^^ = aoM^^^. In this case we are done, 
the number of blow up points in the Theorem is reduced to 1, that is, p = 1. 
Case 2.. \ — PeS(xi e,Xi e) I^A as £ ^ 0. We are going to study this case. First, let us 
prove that 

/ 74 as £ ^ 0. (3.8) 

JAe\B{xi,g,5£) 

Observe that 

/ PeSl...M,.) ^ I = /- , ^ka,) - as £ ^ 0. (3.9) 

J Ae\B{xi,e,5e) ^ • ' ' ' JAe\B{xi,e,Se) ^ ' ' ' ' J Ae\B{0,5eMlg) 

where we have used the fact that £M^^ — > cxd and (5(o,ao) ^ L^(M^). 
By Lemma 3.3 and the fact that eM^^^ —> 00, it is easy to derive 

/ K-P(5(^^^,Ai,)l'^0 as £^0. (3.10) 

J Be 

Clearly, (3.9) and (3.10) imply (3.8). Now, we set 

Ue{x2,e) = max Ue:= M2,e. 
As\B{x-L,s,Se) 

It is clear that \xi^s — X2,e\ > fe- 

By (3.8), there exists c > such that 



< [ ul< Ml, [ ul{x)dx. 

JAe\B{xi,e,Se) JAe 
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But, we have 

/ ul{x)dx = £^ ul{X)dX < — I I Vue{X) \^ dX = — I Vue{x) f dx < , 

where Ue{X) = Ue{eX), = ipiA^), with : x = e~^x, and > 0. By Lm [13], we 

have C£^c>Oase^O. Wc derive that eM|g ^ as e ^ and therefore as in Lemma 2.3 of 
[5], we have that Af|^(i(.T2.£, dA^) +oo as e ^ 0. This imphes that M|g | xi^g — X2^e +oo 
as e — > 0. Now, for y ^ := M^^ {A^ — X2,e)-, we introduce the fohowing function 

Ueiy) = M'lu, (X2,e + M'^^y) . 

It is easy to see that is bounded by 1 in .6(0, (1/2)M2^^ | X2,e — xi^e I)- Therefore, — > (^(o,ao) 
in CfgJ^^) as £ — > 0. Thus, we have obtained in Case 2 a second blow up point. It is clear that 
we can iterate such a process. But, since the energy of is bounded such a process stops after 
finitely steps, and the proof of our Theorem is thereby completed. □ 



4 Proof of Theorem 1.1 



This section is devoted to the proof of Theorem 1.1. To this aim, we first study the location of 
blow up points that we found in Section 3. To this goal, we need a rather delicate analysis and 
careful estimates. First, we start by the general setting. Let, for p G N* and > given 



|m G S"^(^£) s.t 3yi,...,yp G Ag, 3 Ai, Ap > i with 

p 



Kr], Xid{yi,dA^) > -^i, Sij < i^Vi ^ j 
r] 



where S+(Ae) = {u e H^{Ae)/u > 0, \\u\\ = 1} and £ij = (Xi/Xj + Xj/Xi + XiXj\yi - %f )~^/^. 
If a function u belongs to rj), then, for > small enough, the minimization problem 



mm 



U 



i=l 



(4.1) 



has a unique solution, up to permutation (see Lemma A. 2 in [3]). 

Therefore, for e > sufficiently small, (solution of {Pe)) can be uniquely written as 



(4.2) 



where satisfies the following conditions: 

(Fo) (t;„P.<5(,,,,,,^)) = (.;„^^ 



^ "^^^ * 



d{xi,, 



elk 
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where {xi^e)k is the kth component of Xj^^, k € {1,2,3} and aj^g satisfies : 

JK)34, = 1 + 0(1) Vj. 

To simpUfy the notations, we write ai,Xi, Xi,di, PSi and 9i instead of ai^£,Xi^E:, M,e, Sf^^i e)' 
Pe^ixi £,Ai e) s-^d ^(xi e,Ai e) respectively and we also write instead of S^. 
As a consequence of Theorem 3.1, it is easy to obtain the following result 

Corollary 4.1 For each i, we denote by Bi := B{xi,adi/A). For i ^ j, we have 

c ds ' ' 1 

Proof. The proof is immediate since \xi — Xj\ > ae for each i j and di < s for each i. □ 

Now, let us recall the estimate of the Ve-part of u^. 
Proposition 4.2 [5j Let be defined by (4.2). Then, we have the following estimate 

In the next propositions, we give useful expansions of the gradient of J which allows us to 
characterize the concentration points given by Theorem 3.1. 

Regarding the estimate of ||ve|P, it is negligible with respect to the principle part of Propo- 
sition 3.2 of [5], however it is of the same order as the principle part of Proposition 3.3 of [5]. 
Following an idea introduced by O. Rey [16] and the fact that the balls are disjoints, we 
are able to improve the terms which contain and therefore we can obtain the analogue of 
Proposition 3.3 of [5]. 

Proposition 4.3 For each i, we have the following expansion 

{VJ{n,), A,^) = 2J(u,)ci (^_|^£(|l^(i + ,(1)) 

■ -E<»,(^.trn^)(-°«)-). 

where ci is a positive constant and R = O {Xkdk)~^ + '}2k^r ^kr (-^^^^itr )^^^) • 

Proof. It follows from Lemma 5.1, Proposition 4.2 and the fact that satisfies (Vq). □ 

Proposition 4.4 For each i, we have the following expansion 

. 1 dP5i f f 9eij 1 dHe{xi,Xj)\ 

A-^^ =J(«.)c,^-2X;a. [j:^ - ,^(,^,^.)V2 ax. ) 



+ 



at dHs{xi,Xi 

Af dxi ' i^kdk) 



\2 
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Proof. It follows from Lemmas 5.2, 5.3, 5.6, 5.7, 5.8, Proposition 4.2 and the fact that 
satisfies (Vb). The negligible terms which appear in those estimates can be written as o((Aidi)^^) 
since \xi — Xj\ > ae for each i j and < £ for each k. □ 

Now, we order all the Audi's : Aidi < A2(i2 < ••• < \dp. 

First, we introduce the set of indices i such that Ajdj and Xidi are of the same order. Let 
Ci be a large positive constant and define 

I = {1} U {i/Xkdk < CiXk-idk-i for each k < i} := {1, 2, /}. (4.3) 

Secondly, wc define a subset of / such that the distance between the points is at most 
comparable to their distances to the boundary. Let Cq be a large positive constant, we define 

B = {ie I/^ki, ...,km e I s.t. ki = i,...,km = 1; \xkj -a^fe^+J < C'omin(4^.,4^._^J} . (4.4) 



Lemma 4.5 Let B he defined by (4.4). Then, {1} ^ B. 



Proof. First, we remark that Proposition 4.3 implies immediately that p>2. To prove our 

lemma, we argue by contradiction. We assume that B = {!}. 

Using Proposition 4.3, and the fact that H^{xi,Xi) ~ c/di (see [1]), we derive 

= (VJ(«,), Ai— 1) < -— - + Oi^e^k). (4.5) 
5Ai (Aidi) 

Two cases may occur. \ik>l where I is defined by (4.3), then by Corollary 4.1, we have 

^l'^ - (\ aI A M/2 - 1/2 ((\ A\([ A \\\I2 = ^ ( tV ) ^ '^^ CnOUgh). 

(Afc4Ai(ii)V^ (^V^ ((A;d;)(Ai(ii))V^ \\xdx) 
In the other case, we have \x\ — Xk\ > Cq min {di,dk), then 

£ife < I ^; — I < — ttt ttk = o ( - — — ( for Cn large enough). 

- \XiXk\xi - xk\y - c]l^ {{X,d,){Xkdk)f^ UidiJ ^ ^ ^ 

Thus (4.5) yields a contradiction and the result follows. □ 
Next, our goal is to prove the following crucial result: 

Proposition 4.6 Let xi^g,..., Xp^e be the points given by Theorem 3.1. Then, we have p > 2 
and there exist k G {2, ..,p}, ii,..., ik G {1, ■■■,p} such that 

dpe{Xi^,e,-,Xi^,e) and d^Vpe{Xi^,e,-,Xi^^e) aS £ ^ 0, 

where d = mini<r<fc d(xi^^£, dA^). In addition, we have Vm, r G {1, k} \xi^^c — Xi^^e\ < Cgd, 
where Cq is a positive constant independent of e. 
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Proof. Let k = card B that is B = {ii, By Lemma 4.5, we have k >2. 

Let Mb = {mij)ij^B be the matrix defined by (2.3) and let pB = Pe{xi-^^£, ...,Xi^^e) be the least 
eigenvalue associated to Mb- We denote by e the eigenvector associated to pB whose norm is 
1. We know that all components of e are strictly positive (see [4]). Let r/ > be such that for 
any 7 belongs to a neighborhood C(e, 77) C {y G (M^)'^s.t. — e| < r]}, we have 

7Mb7-Pb|7| ^7l7l and 7-^7 = ( + o(^) 1 ItI (4-6) 

and for 7 G (M^)'^ \ C(e, r/) , we have 

^7Mb7 - pb|7|2 > C3|7pd-^ (4.7) 

(—1/2 — 1/2\ 

Claim 1. We have A G C{e,r]). 

Proof of Claim 1. We argue by contradiction. Assume that A G (M^)'^ \ C{e,r]). Let 

A(t) = |A|/^-^)^ + ^l^l^ - '^'^ 



|(l-i)A + i|A|er \y{t)\' 
From Proposition 4.3, we derive 

(VJ(«.), Z)|,=o = f A(i)MsA(i)) + O [ ^ ) + o ( J^) 

where Z is the vector field defined on the variables A along the flow line deflned by A(t). 
Observe that 



2(1 -t 
WW 



\m?i (pB + ^(^A(O)MbA(O) - pb|A(0)|^ 



= |A(0)P f^^^(^A(0)MBA(0) -pb|A(0)P)(-(1 -t)|A(0)| < e,A(0) > -t\Af) 



Thus 



9r 

(VJ(%),Z)|,.„ = -r^i2fAA/BA-pB|Ap)(-|A| <e,A(0) >) 



^ ' \eB,j^B 
Since |e| = 1, then there exists m such that e^^ > |. Thus 

<e,A(0) >=^ei.Ai. > ^A^^. 
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Using (4.7), we obtain 



e. 



As in the proof of Lemma 4.5, we have 



Thus 



This yields a contradiction and our claim follows. 
Now, we will prove that 

dpB — ^ 0, as £ — ^ 0. (4.9) 
Using Proposition 4.3 and (4.8), we have 

= ^(VJ(n,),A,^) 



E 



^^^^(1 + 0(1))- Yl {e^,-^^J^^){l + o{l))+0(Ye^,) + R 



We assume, arguing by contradiction, that dpB -/-^ 0, when e — > 0. Therefore, there exists 
C4 > such that d\pB\ > C4. Now, we distinguish two cases 
P*case: > 0. In this case, we derive from (4.10) 

This yields a contradiction. 

2"'^ case: < 0. In this case, using Claim 1, we derive from (4.6) and (4.10), 

,.,2 C2IAP / 1 \ lAP , , , f I 

0<pb|A|2 + ^L^+o — - < LJ-(pj^d + C2)+o' 



d \^idij d V-^i^i 

|Ap / 1 



d \Aid] 
If we choose C2 < iC4, we obtain a contradiction. Thus, (4.9) follows. 
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In order to complete the proof of Proposition 4.6, it remains to prove that: 

(fVpB ^0, as £ ^ 0. 



(4.11) 



We assume, arguing by contradiction, that (PVps -/-^ when e — > 0. 
For i e B, using Proposition 4.4, we derive 



1 dH, 



{Xi,Xj) + o 



1 1 

di (Aidi 



Observe that \dH/dxi{xi, Xj)\ < c{di\xi — Xj\) ^. Thus, as in the proof of Lemma 4.5, we prove 
that, for i G S and j ^ B, 



d£ij 



dxi 



+ 



(A,A,)V2 



dxi 



(Xj, Xj) 



d{Xidi 



Therefore, by (4.6), we have 



0=-A^A + o 



d{Xidi 



d^ 



d{Xidi 



Thus 



0> {\VpB\d^ + o{l))^ + o 



This yields a contradiction. Hence (4.11) follows. 
The proof of Proposition 4.6 is thereby completed. 



□ 



Proof of Theorem 1.1 Arguing by contradiction, we assume that (P^) has a solution whose 
energy is bounded. Using Theorem 1.5 of [5] and Proposition 4.6, we deduce Theorem 1.1. □ 



5 Appendix 

In this section, we collect some estimates needed to prove Propositions 4.3 and 4.4. Here we 
will denote by Us := X]j=i ^j-^^{xj,Xj) + the function defined in Theorem 3.1. Thus, we have 
\xi — Xj\ > ae for each i ^ j and Ajdj ^ oo as e — > for each i. In the sequel, we denote by 
Vi,k — ''\^dP^i/d{xi)k where {xi)k is the feth component of Xi, k E {1,2,3}. 
Recall that Bi denotes B{xi, adi/A) and we have, for each i ^ j, Bi fl Bj = 0. 
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Lemma 5.1 For i ^ j, we have the following estimates 

^' (^*- ^- ^ <^*-^-l7> ^ ° G« (^-^« - (^) ■ 

6) / Jfij = O (4£os£-i) , 

where c\ and O are independent of e. 

Proof. For the proof, we refer the interested readers to [2], [15] and [16]. □ 



Lemma 5.2 For i G {1, ...,^'} and j ^ i, we have the following estimates 

c OH ( 1 

1) = + O 



4) P<5|¥',. = {P^J, ^^,k) + O ( 

5) ^ 5PSjPSf^i,k = {PSj,Vi,k) + O (^5/2 y • 
Proof. Claims 1, 2 and 3 are proved in [2] and [15]. We will prove Claim 4. We have 

/ ps^^i,k= [ is'j+o{sjej))ipi,k = {PSj,<Pi,k) + ol [ 5jej\ipi,k\+ [ s^sA . 

JAs JAe \JBj JAe\Bj J 

For the second integral, using Holder's inequality, we obtain 
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By Corollary 4.1, we have n Bj = ^ and therefore, for any x & Bj, we get 



sup 

Bi 



1 86, 


< Csup ( 


Ai d{xi)k 





i3/2| 12 

\/ X — X,- r 



1 



sup 

Bi 



1 50,: 



i k 



C 

< - — - sup 0i = O 



^ A^^^ max^ {di,dj) ^ 
1 \ 



Xidi^B-'^ \\f^dimax{di,dj] 



Thus we obtain 



< 



Combining (5.4) and (5.1), the claim follows. 
It remains to prove Claim 5. We have 



{P6,,ip,,k) + 0[ / 6,4 ^ 



B, * I Aj d{xi)k 



20/ P6,6le,^^ 



+ o{ [ 6f9f6j + [ 6f6j 

yJBi JR^XBi ^ 



Observe that 



C C c 

sup {DOil < T ^^P^i - 1/2 o ; ^^P^j - ~T72 ' 

Bi di Bi AV^df Bi Xy^ma^{di,dj) 

C C 

sup \DP6j\ < sup \D5j\ + sup \D9j\ < -jj^ + . 

Bi Bi Bi A- maix^{di,dj) A- dimaix{di,dj) 



Thus we derive 



/ 6M6, < \6jef\L^ [ 

JBi JBi 



cLog{Xidi) 



1 89, 



\ d{xi)k 



< 



{XjdjY/^iXidif/^' 

c 



(A,d,)V2(A,d,)5/2' 



1 86i 



Xid{xi)k 



O f sup \D {9iP5j) I / 5t 

\ Bi JBi 



\x — Xi\\ = O 



Log{Xidi) 



{Xidi)^/^Xjdjy/^ 



Using (5.1), (5.7), (5.8) and (5.9), the lemma follows. 



(5.2) 
(5.3) 
(5.4) 



(5.5) 
(5.6) 

(5.7) 

(5.8) 

(5.9) 
□ 



Lemma 5.3 For each i, we have 

p \ 5 

I A, 



. / P N 5 P / ^ 

(IZ "J-^'^J- J ^^.^ " ^ ^ ' ^'^^^ ^ ^ V (Aid! 



)9/4 
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Proof. Notice that 

P \ 5 p 



(5.10) 



Since Bj fl = and Bj fl = 0, using (5.2) and (5.3), we derive 



/ SjSr\Vi,k\ < 



Ar^^ max((ir, dj)\'l'^di max((ii, dj) -^-B. 



3/2, 



r4 ^ 



JAe\Bj JAe\Bj JA^\B. 



(5.11) 
(5.12) 



Now we will estimate the third term. Using (5.5) and (5.6), we obtain 



Jb, J J Jb, 



1 / dSi dOi 



+ O sup 

V Bi 



D 



Y^a^P^X I 5t\x-x,\\=o[Y,Y 



\ \d{xi)k d{xi)k 
Log{Xidi) 1 



max2(di,dj) Afd 



(5.13) 



Combining (5. 10),.. .,(5.13) and Lemma 5.2, the result follows. 



□ 



To improve the estimates of the integrals involving v^, we use an original idea due to Rey 
[16], namely we write 



1=1 



where vf denotes the projection of Ve onto HQ{Bi), that is 

Avf = Ave in Bf, vf = on dBi, 



(5.14) 



(5.15) 



where Bi = B{xi, adi/4) is defined in Corollary 4.1. u? can be assumed to be defined in all 
since it can be continued by in As\Bi. We have 



= vl + w in Bi, with Aw = in B^. 



(5.16) 



We split vl in an even part v^'^ and an odd part vl'° with respect to (x — Xi)^, thus we have 



Vf = V,' +V-' + w in Bi with Aw = in Bi 



(5.17) 



Lemma 5.4 We have 



B, ^Xid{xi)k 



1 36, 



iXidi)yy ■ 
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Proof. Using (5.17) and the fact that the even part of has no contribution to the integrals, 
we obtain 



* ^ Xi d{xi)k Jb, ' d{xi)k 



df i {2v,-w)w + 0{\ 1 1 1 1^;; 



Let be the solution of 



Aip = 5f— ^. \ {2v^-w) in B^; ^ = on dBi. 



Thus we have 



Jb, 



k d{xi)k 



[2vs — w)w 



Ai d{xi)k JB, 
Let Gi be the Green's function for the Laplacian on Bi, that is, 

1 aSdi 



A / ; ^V' 



dBi 



du 



Gi{x,y) 



X — 



y\ 4\x\ 



16|^P 



Therefore ^ is given by 



and its normal derivative by 



dv 



Bi 



QQ. 2 05- 



. dv 



Xi d{x 



i)k 



Notice that: 



QQ. 

for X E Bi \ B{y, adi/8), we have -^{x, y) = O 

QQ. 

for X G 5i n B{y, adi/8), we have -^{x,y) = O 

for X G -Bj n B{y, adi/8), we have ^ 

Aj o[Xi)k 



O 



1 

1 

a; - y|2 
1 



XM 



Therefore 



(y) 



< c 



< 



B,n(|a;-2/|>ad</8) 
Q 

"ve\\, yyedBi. 



\2vs — w\-^dx + C 
df 



JBinQx- 



\2Vr — w\ 



(5.18) 



(5.19) 



^(y) = - / Gi{x,y)Sf^^^ {2v, - w) dx, y e Bi (5.20) 

JBi Xi 0[Xi)k 



(5.21) 

(5.22) 
(5.23) 
(5.24) 



{\x-y\<adi/8) \di\x-y\ 



rdx 



xV's 



(5.25) 



Using (5.25), (5.19) becomes 



[ sflJ^{2v,-w)w = o(^^ [ \w\\. 
JBi 'Xid{xi)k^ \x\'^djJaBi 7 



(5.26) 
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To estimate the right-hand side of (5.26), we introduce the following functions 

w{X) = {adi/4)^/^w{xi + adiX/A); Ve{X) = {adi/4)^/^Ve{xi + adiX/4). 

w satisfies 

Aw = in B:= 5(0,1); w = on dB. (5.27) 

We deduce that 

Lb ~^{Ib '^''''') ^^{Ib '^""'0 ■ ^^'^^^ 

But, we have 

/ \w\= [ {adi/4)y^\w{xi + adiX/4)\ = ] [ \w\. (5.29) 
JdB JdB {adi/AYI^ jQBi 

Thus 

[ \w\<cdf^([ \Vv,\A . (5.30) 

JdB, KJBi J 

Using (5.18), (5.26) and (5.30), the lemma follows. □ 
Lemma 5.5 For e small, we have 

Proof. Lemma 5.5 can be proved in the same way as Lemma 5.4. So we omit its proof. □ 
Lemma 5.6 For e small and i ^ j, we have 



+ V. 



(Aldi)3/2 



Proof. We notice that 

P \ 4 



For the last term in (5.31), we have, using (5.1) and (5.2), 



JAe JBj Jr3\Bj \, 



+ • (5-32) 



^ Xf^di max(di , dj)A]/^ i^jdj) 
For the third term in (5.31), we use Holder's inequality and we obtain 

^ 6fS]\v,\M < Sf5]\v,\ < c\\v,\\el [LogeT^)^"' < ^J^^^- (5-33) 
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Regarding the first term in (5.31), we write 

dSi 89. 



I P6fve^,,k= [ {6t-46fe, + o{5fef))^ 

JAe J As \ 



= -A9i{xi) [ 

JBi 



She^T^P^ + 



1 d5i 



d{xi)k d{xi)k 

\Vr\ 



Using Lemma 5.5, we derive that 

Finally, we deal with the second term in (5.31) 

Ve ( dbi d6i 



+ O ( sup |Z)P(5j| / (5f — Xil I 

\ Bi JBi J 



Observe that, by (5.5), we have 

1 , dd. 



Using (5.6), we derive that 



d{xi)k 7 ^ \x]^^di max{di, dj)\^-' 



JBi 



s\xY>\DP5j\ I 5j\ve\\x — Xi\ = O 



B'i' -JBi"'' ■ \X]/^dim8^{di,dj)X^/\ 

By Lemma 5.5, (5.36) and (5.37), (5.35) become 



"^'^ ^'^^"^ A. d{x.)k [ (A,d.A,d,) V2 + (A.d.)3/2 



For the integral on M'^ \ Bi, we use Holder's inequality and obtain 

/ PSfPS,\v,\^^ < [ Sf6j\v,\ = O (J^) 
Using (5.32), (5.33), (5.34), (5.38) and (5.39), the lemma follows. 



Lemma 5.7 For i ^ j we have 



e I 



(Aidi)V2^ 
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Proof. We have 



We now observe that 



B, 



' ' Ai d[xi)k \i d{xi)k 



0{UA\\\Ve\\ + 



(5.41) 



(5.42) 



where we have used Lemma 5.4 in the last equahty. Clearly, (5.40), (5.41) and (5.42) imply our 
lemma. □ 

Lemma 5.8 For e small, we have 



O 



Proof. We write 



with 



v° + aPdi + b\. 



V(Aidi) 

dP6,, 



9/8 



1 dPSi 



^ Xi d{Xi)r 



(5.43) 



PS- PS 
{vt, PSi) = {vt, ^) = {vt, = for each r = 1, 2, 3. 

Taking the scalar product in Hq{A^) of (5.43) with P6i, X"^j^i 1 < < 3, provides us 

with the following invertible linear system in a, 6, (with 1 < r < 3) 



' {P6,,vr) = a{C' + 0(1)) + h{P5,, A,^) + ELi ^.(P^., 
(A^l7^>^r) = «(^''^.,A.^) + 6(C" + o(l)) + ELia(A.f^^ 1 '''' 



/ 1 dPSj e,o. _ ,p. 1 dPSj V ,1,/^.dPSi 1 dPSj v , ^ / 1 aP^j 1 dPSj \ 



Observe that 



dP5i 



,^ 9P(5, 1 dP6i 



^ Ai ' Ai 9(a;t)r 



Aj d{Xi)r 



dXi ' Ai d{xi) 
1 5P(5i 1 



o 



Xi d(xi)j Xi d{xi)j 



) = (C'" + o{l))Sjr + O 



(Aidi)^ 
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where 5jr denotes the Kronecker symbol. 

Now, because of evenness of 6i and oddness of v^'° with respect to (a:; — we obtain 

I^PS.^yl^os^ = I VP5i.V<'°= / yPSi.Vvl'" = f (5f<''' = 0. (5.44) 

JAe JBi JBi 

In the same way we have 



We also have 



{V'i,k,vt'") = ^^i,k-y iVe-vl'" -W) = - I Vipi^k-'^Ve- Vifi^k-Vw (5.45) 

JBi JA,\B, JBi 

since satisfies (Vq), v^'*^ is even with respect to {x — Xi)k and v^'^ = on dBi. On one hand 

\^ . C\\Ve\\ 



! Vipi,k.VVe <C\\Ve\\ I [ 

JAe\Bi \J A 



'Ae\Bi 



'i,k 



(Xidi 



(5.46) 



On the other hand, let ^2 be such that 

Aip2 = A^i,k in 5j; ^"2 = on dBi 

Writing 



we obtain 



i>2 = Vi,k + 0, with = in Bi, 

f V (<^i,fe) -Vw = / vV'2-Vw - / ve.vw = - /" ^w. 

JBi ' JBi JBi J dBi OV 

Using an integral representation for ■02, as in (5.21), we obtain for y G dBi 
In Bi \ B{xi,adi/8), we argue as in (5.25), using (5.22) and (5.23), we obtain 



(5.47) 
(5.48) 

(5.49) 



Bi\B{xi,adi/8) 



dGi 
dv 



{x, y) {56f(pi^k) dx = 



Furthermore, since 



V^(x,y) 



O(^) for {x,y) e B{xi,adi/8) X dBi, 



we obtain 



I B{xi,adi/8) 



dGi 
dv 



JB(xi,adi/S) 



5i \x — Xj\ = O 
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where we have used the evenness of 5i and the oddness of its derivative. Thus 
so that on dBi 

m a /I «4 \ a /I aft X / 1 \ ^^^^^^ 



dv dv du \Xi d{xi)k J du\\id{xi)k) \ A^^^d? 
It follows from (5.45), (5.46), (5.48), (5.51) and (5.30) that 



Inverting the linear system (S), we deduce from the above estimates 
a = 0\ j , 6 = O ( ) , Cfe = O I \^Cr = o{ I , r 7^ A;. (5.53) 

V(M.)V Vhd^)'^) Vhd.)^) Uwv 

This implies through (5.43) 



- - O . ||.nP = ll^f IP + O . (5.54) 

We turn now to the last step, which consists in estimating Since VJe{u^) = 0, we obtain 

= arP5r + V,, - Uu,f / ""rPSr + Ve <'° (5.55) 

r=l •'^^ \r=l / 

r=l \r=l / 



5 



Concerning the first integral, it is equal to if r = i because of the oddness of and the 
evenness of S^. For r ^ i, using Holder's inequality, we obtain 

5^^'" = o( y!r^$4j^) . (5.56) 



JB,, 



Let us consider the second integral. Using (5.17), we obtain 

f Vv,.Vvl^°= I V«''' + <'^ + y;).V<'°= I |V<'°p. (5.57) 
For the last integral, we write 



(5.58) 
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and we have to estimate the contribution of each term. We notice that 

Using (5.5), (5.6) and the oddness of Sfv^'°, we obtain for r 7^ z 
/ PSfPSrvl'" = [ {Sf + O {6fe,)) (p6r{x,) + 0[ 

JBi JBi \ \ 



= o( [ sfeiSr\vl^"\ + [ 

\ JBi J B. 



e,o\ \ 



■ " ■ "1/2 

JBi J B^ A,, (i; max((ii, d 

1 1 

{\idiY {Xrdr) 



0(lbril(7V^ + 7V^))- (5-60) 



Now, we write 



For the first integral in the right side, we have 

/ pst^r+^r)vr= [ (5.'+o(W)K'''+<'>r 

JBi JBi 



4 £,0 
WV- . 



To deal with the term P6fwv^'°, we introduce the following function 

AV-s = PSfv'^'" in Si; ^3 = on 83^. 

As in (5.25), we obtain 



e,o\ 



Using (5.30), we find 

Lastly, we write 

/ P8tvr=l {5^-h5te, + 0{5M))vr 

JBi JBi 

= O (^sup \De,\ ^ 5t\x - x,\\vr\^ + O (^1^ 6f9f\vr\^ = O • (5-63) 
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Using (5.56), (5.63) and the estimate of (5.55) becomes 

Since Je{ue)^af = 1 + o(l) and the quadratic form 

[ iVvp - 5 / Sfv'^ 
JAe J A, 

± 

, we obtain 

/jV.,^-5/^_.?K,^^o(E^). (5.65, 
where we have used (5.54), (5.64) and Proposition 4.2 and therefore our lemma follows. □ 
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